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1. Introduction
Let D be the open unit disk, dA denotes the normalized Lebesgue area measure on D. The Dirichlet space D consists
analytic function f on D such that
f (0) = 0 and D( f ) =
∫
D
| f ′|2 dA < ∞.
It is well known that D is a reproducing kernel Hilbert space with inner product
〈 f , g〉 =
∫
D
f ′(z)g′(z)dA(z), f , g ∈ D,
and reproducing kernel
Rλ(z) = log 1
1− λ¯z , λ, z ∈ D.
The Sobolev space S is the completion of the space of functions f in C1(D) under the norm
‖ f ‖ =
{∣∣∣∣
∫
D
f dA
∣∣∣∣
2
+
∫
D
(∣∣∣∣∂ f∂z
∣∣∣∣
2
+
∣∣∣∣∂ f∂ z¯
∣∣∣∣
2)
dA
} 1
2
< ∞.
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〈 f , g〉 =
∫
D
f dA
∫
D
g¯ dA +
∫
D
(
∂ f
∂z
∂ g
∂z
+ ∂ f
∂ z¯
∂ g
∂ z¯
)
dA, f , g ∈ S,
and obviously, the Dirichlet space D is the closed subspace of S consisting of all holomorphic functions f with f (0) = 0.
Denote
L∞,1 =
{
ϕ ∈ C1(D)
∣∣∣ ϕ, ∂ϕ
∂z
,
∂ϕ
∂ z¯
∈ L∞(D)
}
,
where L∞(D) is the space of bounded Lebesgue functions on D.
Let P be the orthogonal projection from S onto D, then for ϕ ∈ L∞,1, deﬁne the Toeplitz operator Tϕ : D → D,
Tϕ f = P (ϕ f ),
(big) Hankel operator Hϕ : D → D⊥ ,
Hϕ f = (I − P )(ϕ f )
and small Hankel operator Γϕ : D → D,
Γϕ f = P
(
J (ϕ f )
)
for f ∈ D, where J is the unitary S → S deﬁned by Jh(z) = h(z¯) for h ∈ S , and D⊥ is the orthogonal complement of D
in S .
The Fredholm properties [2] and algebraic properties [4] of Toeplitz operators on D deﬁned by symbols in L∞,1 have
been studied. In this paper, we consider the compactness of Hankel operators, commutativity of small Hankel operators,
commutativity of small Hankel operator and Toeplitz operator, etc. In fact, we convert such problem into the corresponding
one in the Bergman space or the Hardy space, which has been studied in [1,5–8].
2. Main results
In this section, we present the main results and their proofs.
Let L2(D) be the Hilbert space of square integrable Lebesgue functions on D. Throughout this paper, 〈· , ·〉, 〈· , ·〉2 denote
the inner product in S and in L2(D) respectively.
Let L2a be the Bergman space on D, which consists all holomorphic functions in L
2(D), Pa the Bergman projection from
L2(D) onto L2a . Let
Kλ(z) = 1
(1− λ¯z)2 , λ, z ∈ D,
be the reproducing kernel of L2a , kλ the normalization of Kλ .
For any ϕ ∈ L∞(D), Tˇϕ denotes the Toeplitz operator on L2a deﬁned by
Tˇϕ f = Pa(ϕ f ), f ∈ L2a .
Let
ϕˆ(z) = 〈ϕkλ,kλ〉2.
It is well known that ϕˆ(z) is the Berezin transform of ϕ and plays an important role in the study of Toeplitz operators
on L2a .
Denote Hˇϕ the corresponding Hankel operator on L2a , i.e.
Hˇϕ( f ) = (I − Pa)(ϕ f ), f ∈ L2a .
The following theorem is one of main results in this paper.
Theorem 2.1. Let ϕ , ψ ∈ L∞,1 , then
(1) H∗ψ Hϕ is compact on D if and only if Hˇ∗ψ Hˇϕ is compact on L2a . In particular, Hϕ is compact on D if and only if Hˇϕ is compact
on L2a .
(2) M∗ψMϕ is compact if and only if Tˇ ψ¯ϕ is compact. In particular, Mϕ is compact if and only if |ϕˆ|2(λ) → 0 as λ → ∂D.
For the proof of Theorem 2.1, we give some discussion of the Toeplitz operators on the Dirichlet space.
Lemma 2.2. The identity operator i from D into L2a is compact.
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Denote U : D → L2a to be the natural unitary that takes f into f ′ . Then we have the following result.
Proposition 2.3. Let ϕ ∈ L∞,1 , then Tϕ = K0 + U∗ TˇϕU for some compact operator K0 on D.
Proof. For f , g ∈ D, by direct computation, we have
〈Tϕ f , g〉 = 〈ϕ f , g〉 =
〈
∂ϕ
∂z
f + ϕ ∂ f
∂z
,
∂ g
∂z
〉
2
= 〈U∗ Tˇ ∂ϕ
∂z
i f , g〉 + 〈U∗ TˇϕU f , g〉. (1)
Hence
Tϕ = K0 + U∗ TˇϕU ,
where, by Lemma 2.2, K0 = U∗ Tˇ ∂ϕ
∂z
i is compact on D. 
Remark 2.4. In Eq. (1), we use the fact that for f ∈ D, g ∈ L2a , and ψ ∈ L∞(D),
〈ψ f , g〉2 = 〈Tˇψ i f , g〉2,
which will be used repeatedly in the following.
If T equals a ﬁnite sum of ﬁnite products of Toeplitz operators with symbols in L∞,1 on D, let Tˇ be the corresponding
operator on L2a with the same symbols, i.e., if T =
∑
i, j Tϕi1 Tϕi2 · · · Tϕi j , then
Tˇ =
∑
i, j
Tˇϕi1 Tˇϕi2 · · · Tˇϕi j .
Denote
Tˆ (λ) = 〈Tˇ kλ,kλ〉2.
Then we have the following result.
Corollary 2.5. If T equals a ﬁnite sum of ﬁnite products of Toeplitz operators, with symbols in L∞,1 , on D, then T is compact if and
only if Tˇ is compact and, if and only if Tˆ (λ) → 0 as λ → ∂D.
Proof. By Proposition 2.3, it is easy to check that
T = K + U∗ Tˇ U ,
for some compact operator K on D. Hence T is compact if and only if Tˇ is compact. By [1, Theorem 2.2], Tˇ is compact if
and only if
Tˆ (λ) = 〈Tˇ kλ,kλ〉2 → 0 as λ → ∂D. 
Remark 2.6. By Proposition 2.3 and Corollary 2.5, for ϕ , ψ , μ ∈ L∞,1, σe(Tϕ) = σe(Tˇ )ϕ , TϕTψ − Tμ is compact on D if and
only if Tˇϕ Tˇψ − Tˇμ is compact on L2a . And for the corresponding results in the Bergman space, see [1,6].
Proposition 2.7. Let ϕ , ψ ∈ L∞,1 , then
(i) M∗ψMϕ = K1 + U∗ Tˇ ψ¯ϕU for some compact operator K1 on D.
(ii) H∗ψ Hϕ = K2 + U∗ Hˇ∗ψ HˇϕU for some compact operator K2 on D.
Proof. For any f , g ∈ D,
(i)
〈
M∗ψMϕ f , g
〉= 〈ϕ f ,ψ g〉
=
∫
D
ϕ f dA
∫
D
ψ g dA +
〈
∂ϕ
∂z
f + ϕ ∂ f
∂z
,
∂ψ
∂z
g + ψ ∂ g
∂z
〉
2
+
〈
∂ϕ
∂ z¯
f ,
∂ψ
∂ z¯
g
〉
2
=
∫
D
ϕ f dA
∫
D
ψ g dA + 〈i∗ Tˇ ∂ψ
∂z
∂ϕ
∂z
i f , g〉 + 〈U∗ Tˇ
ψ¯
∂ϕ
∂z
i f , g〉
+ 〈i∗ Tˇ ∂ψ U f , g〉 + 〈U∗ Tˇ ψ¯ϕU f , g〉 + 〈i∗ Tˇ ∂ψ ∂ϕ i f , g〉.
∂z ϕ ∂ z¯ ∂ z¯
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∫
D
ϕ f dA ( f ∈ D), then
M∗ψMϕ = K1 + U∗ Tˇ ψ¯ϕU ,
where
K1 = L∗ψ Lϕ + i∗(Tˇ ∂ψ
∂z
∂ϕ
∂z
+ Tˇ ∂ψ
∂ z¯
∂ϕ
∂ z¯
)i + U∗ Tˇ
ψ¯
∂ϕ
∂z
i + i∗ Tˇ ∂ψ
∂z ϕ
U
is compact on D.
(ii)
〈
H∗ψ Hϕ f , g
〉= 〈Hϕ f , Hψ g〉 = 〈(I − P )ϕ f ,ψ g〉
= 〈Mϕ f ,Mψ g〉 − 〈Tϕ f , Tψ g〉
= 〈M∗ψMϕ f , g〉− 〈T ∗ψ Tϕ f , g〉,
hence H∗ψ Hϕ = M∗ψMϕ − T ∗ψ Tϕ .
By Proposition 2.3, T ∗ψ Tϕ = K +U∗ Tˇ ∗ψ TˇϕU for some compact operator K on D. Since Hˇ∗ψ Hˇϕ = Tˇ ψ¯ϕ − Tˇ ∗ψ Tˇϕ , with (i), we
obtain
H∗ψ Hϕ = K2 + U∗ Hˇ∗ψ HˇϕU
with K2 compact on D. 
Proof of Theorem 2.1. It is easily followed from Proposition 2.7. 
For the characterization of compactness of Hankel operator on L2a , see [1]. Moreover for harmonic function ϕ , ψ ∈ L∞,1,
by Zheng’s Theorem in [6], H∗ψ Hϕ is compact.
Next we study the algebraic properties of small Hankel operators on D.
Denote
H = {u ∈ L∞,1 ∣∣ u is harmonic}.
In [4], the (semi-)commutativity of Toeplitz operators on D is studied. In the following, we study the commutativity of
Toeplitz operator and small Hankel operator, small Hankel operators on D with symbols in H. First, we ﬁx some notation.
Denote T = ∂D be the unit circle. Let L2(T) be the square integrable Lebesgue functions on T with orthonormal basis
{sn}∞n=−∞ such that
sn(ξ) = ξn, ξ ∈ T,
and H2 the Hardy space with orthonormal basis {sn}∞n=0.
Let L∞(T) be the space of bounded Lebesgue functions on T and H∞ , the functions in L∞(T) whose poisson integral
are holomorphic on D. It is well known that L∞(T) is one-to-one corresponding to bounded harmonic functions on D by
the poisson integral [3].
For ϕ ∈ L∞(T), the classical Toeplitz operator T˜ϕ on H2 is deﬁned by
T˜ϕ( f ) = P˜ (ϕ f ),
and the classical Hankel operator Γ˜ϕ on H2 is deﬁned by
Γ˜ϕ( f ) = P˜
(˜
J (ϕ f )
)
for f ∈ H2, where P˜ is the Hardy projection from L2(T) onto H2 and J˜ is the unitary L2(T) → L2(T) deﬁned by J˜ (g)(ξ) =
g(ξ¯ ) (g ∈ L2(T)).
Let cn = √n and en(z) = 1cn zn , z ∈ D, n = 1,2, . . . . Then {en}∞n=1 forms an orthonormal basis of D. Let C be the diagonal
matrix whose diagonal coeﬃcients are given by c1, c2, . . . , i.e.,
C =
⎛
⎜⎜⎝
c1 0 0 · · ·
0 c2 0 · · ·
0 0 c3 · · ·
.
.
.
.
.
.
.
.
.
. . .
⎞
⎟⎟⎠ .
Let u ∈ H and u(z) =∑k<0 ak z¯−k +∑k0 akzk . In [4, Proposition 4], the matrix of Tu with respect to the orthonormal
basis en was given as CMuC−1, where
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⎛
⎜⎜⎜⎜⎝
a0 a−1 a−2 a−3 · · ·
a1 a0 a−1 a−2 · · ·
a2 a1 a0 a−1 · · ·
a3 a2 a1 a0 · · ·
.
.
.
.
.
.
.
.
.
.
.
.
. . .
⎞
⎟⎟⎟⎟⎠ . (2)
Similarly, we have the following result.
Proposition 2.8. Let u ∈ H and u(z) =∑k<0 ak z¯−k +∑k0 akzk. Then Γu has the matrix expression CNuC−1 with respect to the
orthonormal basis en, where
Nu =
⎛
⎜⎜⎜⎜⎝
a−2 a−3 a−4 a−5 · · ·
a−3 a−4 a−5 a−6 · · ·
a−4 a−5 a−6 a−7 · · ·
a−5 a−6 a−7 a−8 · · ·
.
.
.
.
.
.
.
.
.
.
.
.
. . .
⎞
⎟⎟⎟⎟⎠ . (3)
Proof. By straightforward computation, for m, n 1,
〈Γuen, em〉 =
√
m√
n
a−(n+m). 
For u ∈ H and u(z) = ∑k<0 ak z¯−k + ∑k0 akzk , let u˜ denote the nontangential limit of u on the boundary T, then
u˜(ξ) =∑∞k=−∞ akξk for a.e. ξ ∈ T and u˜ ∈ L∞(T). It is well known the Toeplitz operator T˜ u˜ and the Hankel operator Γ˜u˜ on
H2 have the matrix expressions⎛
⎜⎜⎜⎜⎝
a0 a−1 a−2 a−3 · · ·
a1 a0 a−1 a−2 · · ·
a2 a1 a0 a−1 · · ·
a3 a2 a1 a0 · · ·
.
.
.
.
.
.
.
.
.
.
.
.
. . .
⎞
⎟⎟⎟⎟⎠ ,
⎛
⎜⎜⎜⎜⎝
a0 a−1 a−2 a−3 · · ·
a−1 a−2 a−3 a−4 · · ·
a−2 a−3 a−4 a−5 · · ·
a−3 a−4 a−5 a−6 · · ·
.
.
.
.
.
.
.
.
.
.
.
.
. . .
⎞
⎟⎟⎟⎟⎠
with respect to the orthonormal basis {sn}∞n=0 respectively. So straightforward computation show Γ˜ξ2 u˜ has the matrix ex-
pression Nu as expressed in (3). Then we have the following result.
Theorem 2.9. Let u, v ∈ H and Γu , Γv are nonzero on D, then ΓuΓv = ΓvΓu on D if and only if there exists nonzero constant c such
that u − cv = c0 z¯ + h for some constant c0 and h ∈ H∞ .
Proof. By the proceeding observation, we have ΓuΓv = ΓvΓu on D if and only if Γ˜ξ2 u˜Γ˜ξ2 v˜ = Γ˜ξ2 v˜ Γ˜ξ2 u˜ on H2.
It is a well-known fact that for two bounded harmonic functions φ and ψ , Γ˜φΓ˜ψ = Γ˜φΓ˜ψ on H2 if and only if there
exists a constant c such that φ − cψ = ρ for ρ ∈ H∞ with ρ(0) = 0. For the convenience, we outline the proof.
Let φ(ξ) =∑k<0 ak ξ¯−k +∑k>0 akξk , ψ(ξ) =∑k<0 bk ξ¯−k +∑k>0 bkξk . For n, m 0, direct computation shows that
〈Γ˜φΓ˜ψ sn, sm〉 =
∞∑
k=0
a−m−kb−n−k, 〈Γ˜φΓ˜ψ sn+1, sm+1〉 =
∞∑
k=1
a−m−kb−n−k, (4)
〈Γ˜ψ Γ˜φ sn, sm〉 =
∞∑
k=0
b−m−ka−n−k, 〈Γ˜ψ Γ˜φsn+1, sm+1〉 =
∞∑
k=1
b−m−ka−n−k. (5)
Compare Eqs. (4) and (5), by the fact Γ˜φΓ˜ψ = Γ˜φΓ˜ψ , we have a−mb−n = b−ma−n , which implies the conclusion.
So ΓuΓv = ΓvΓu on D if and only if there exists nonzero constant c such that ξ2u˜(ξ) − cξ2 v˜(ξ) = ξ f (ξ) for some
f ∈ H∞ , i.e., u˜(ξ) − cv˜(ξ) = ξ¯ f (ξ). By the poisson integral, we have
u(z) − cv(z) = c0 z¯ + h(z)
with c0 a constant and h ∈ H∞ , where c0 z¯ + h is the poisson integral of ξ¯ f . 
In the following theorem we obtain the condition when the product of two small Hankel operators to be a small Hankel
operator.
Theorem 2.10. Let u, v, τ ∈ H. ΓuΓv = Γτ on D if and only if Γ˜ξ2 u˜Γ˜ξ2 v˜ = Γ˜ξ2 τ˜ on H2 .
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Theorem 2.11. Let u, v ∈ H with Tu not constant and Γv nonzero, then TuΓv = Γv Tu on D if and only if T˜ u˜Γ˜ξ2 v˜ = Γ˜ξ2 v˜ T˜ u˜ on H2 .
Note that the conditions for Toeplitz operator and Hankel operator commuting and the product of Hankel operator being
a Hankel operator on the Hardy space H2 have been completely characterized in [7,8].
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